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We study the scattering parameters of typical transmission line resonant circuits and their corresponding
nonlocal effective material parameters at optical frequencies using transmission line theory. We find that each
circuit has specific features in terms of nonlocal permittivity and permeability and can be utilized to quanti-
tatively synthesize transmission line circuit models for metamaterial slabs. As application examples, we con-
struct circuit models for cut wires, cut-wire pairs, metallic meshes, and mesh pairs. Moreover, we calculate
local material parameters in a simple way using fitted impedance parameters together with a transmission line
homogenization procedure. Using transmission line �TL� models, we show how the material parameters can be
optimized in actual metamaterials. The physical dependence of circuit parameters on structure geometries
validates our TL model further.
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I. INTRODUCTION

Metamaterials are artificially designed media which con-
sist of subwavelength structures for obtaining a specific elec-
tric and magnetic response. For instance, simultaneous nega-
tive permittivity and permeability in such a medium can
result in a negative index of refraction.1 Negative index ma-
terials are sometimes also called left-handed materials, be-
cause E, H, and k obey a left-hand tripod in some cases.
These materials are of major research interest due to their
potential applications for superlenses, compact cavity reso-
nators, and other novel electromagnetic devices.2–5 Negative
permittivity generally exists in metals below the plasma fre-
quency. In contrast, negative permeability is difficult to find
in nature, especially in the optical regime. However, it can be
achieved through metallic structure designs, such as split-
ring resonators and cut-wire pairs.6–8 A negative index of
refraction was first experimentally demonstrated at gigahertz
frequencies.9 Recently, fabrication progress has enabled the
realization of a negative index in the near-infrared and vis-
ible spectral ranges8,10–12 and the realization of three-
dimensional �3D� metamaterials at optical frequencies.13

Transmission line �TL� theory is of significant importance
for the design and analysis of microwave networks. Theoret-
ical treatments showed that scattering problems of geometri-
cally discontinuous metallic structures with subwavelength
dimensions can be viewed as lumped elements which are
distributed in a TL circuit.14 Circuit models for inductive
metallic meshes and capacitive metallic plates �or equiva-
lently, capacitive meshes or cut wires as in this work� in filter
designs at far-infrared frequencies were extensively
studied.15–17 TL theory was successfully employed in design-
ing one-, two-, or three-dimensional metamaterials at giga-
hertz frequencies.18–22 In a homogenous TL, the effective
permittivity and permeability have straightforward relations
with discrete lumped elements, which facilitate the under-
standing and optimization of metamaterials. That is, the mag-
netic permeability � is represented by a series per unit length
impedance, i.e., Z�= j��= j��0�r, while the electric permit-
tivity � is represented by a shunt per unit length admittance,
i.e., Y�= j��= j��0�r.

18,23 Recently it was demonstrated that

the electrical engineering concept of circuit models can be
transferred to optical metamaterials.24–31 Furthermore, it was
demonstrated that by joining together arrays of nanocircuits
of nanoparticles, two- or three-dimensional TL optical
metamaterials can be obtained to support forward or back-
ward electromagnetic waves.25–27 These studies were carried
out mainly on nanoscale particles with positive or negative
permittivities. The circuit models were also obtained through
an analytical quasistatic approach, which are quite difficult
to obtain for complicated structures. It is not clear yet which
kind of TL equivalent circuit a conventional optical metama-
terial possesses, or how we can synthesize an appropriate TL
circuit model for a more complicated structure in a general
way. The obtained circuit models may serve as alternative
building blocks for nano-TL metamaterials.

In this paper, a general method for quantitatively synthe-
sizing TL circuit models for metamaterial slabs is suggested.
We start with three typical two-port TL resonant circuits
without direct connection to any metamaterial. Scattering �S�
parameters of the circuits are calculated using TL equations,
and the nonlocal effective material parameters ��rN and �rN�
are extracted.32–35 We find that each circuit is related to spe-
cific features of the extracted �rN and �rN spectra. By careful
analysis of these material parameters of a metamaterial, an
appropriate TL circuit model can be constructed. Although
the impedance and the refractive index are the most relevant
material parameters and indeed are the physical ones, the
nonlocal material parameters obtained using this simple pro-
cedure can result in clear signatures of the corresponding
circuit.

In fact, the effective material parameters extracted or re-
trieved from the Fresnel-Airy expressions32–35 are nonlocal
�see Refs. 36–39 and references therein�. In some regions
they might even show a nonphysical behavior near the Bragg
mode. Various approaches to studying local material param-
eters of metamaterials have been performed,36,40–42 from
which no simple and straightforward procedure is available.
In this report, a different approach for local material param-
eters is used. First, the nonlocal material parameters, which
are extracted in a simple way, are utilized as an aid to con-
struct TL circuit models. In turn, local and physical material
parameters are calculated using the fitted element parameters
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of the constructed TL circuit model and a TL homogeniza-
tion procedure. Moreover, we show that the nonlocal mate-
rial parameters can still qualitatively describe the real elec-
tromagnetic response of metamaterial slabs outside of the
Bragg mode region.

We have to emphasize that the synthesized models are
only appropriate for the slabs at the defined polarization and
at normal incidence. The circuit geometry might be the same
when the polarization is changed. This is the case for all the
examples shown in this report. However, the values of L and
C have to be changed, correspondingly. If the slabs are
stacked, the circuit remains similar only when the interaction
between the slabs can be neglected. This is especially valid
for Bloch lattices.37

This paper is arranged as follows: First, S parameters and
retrieved nonlocal material parameters of three typical TL
circuits are calculated and presented in Sec. II. Local mate-
rial parameters using the TL homogenization procedure are
presented and compared with their nonlocal counterparts.
Procedures for using numerical simulation results of the op-
tical metallic structures to synthesize their corresponding TL
models are shown in Sec. III. Discussions about how to ap-
ply TL models to optimize actual metamaterials are pre-
sented. The dependence of circuit parameters on structure
geometries in cut-wire pairs is studied to improve our under-
standing of this structure.

II. TRANSMISSION LINE CIRCUITS AND THEIR
NONLOCAL EFFECTIVE MATERIAL PARAMETERS

To transfer the electrical engineering TL theory in the
microwave regime into the optical regime, we are first going
to consider three typical TL circuit models, one of which is
shown in Fig. 1�a�. The electromagnetic wave propagates
along the TL with a propagation constant k. According to TL
theory, all the circuit elements can be described by ABCD

matrices. The ABCD matrix of a system consisting of cas-
caded elements is just the multiplication of the individual
matrices. The global ABCD matrix can then be converted
into S parameters and measurable reflectance and
transmittance.43 In our models under study, lumped elements
are dimensionless, which is a good approximation for thin
metallic slabs.44 In contrast, a section of a TL is an element
exhibiting a physical length l.

In analyzing these circuits at optical frequencies, their
resonances are set to be around 200 THz, which is deter-
mined by �0=1 /2��LC. For a given amount of loss, the
bandwidth is determined by the ratio L /C.43 An arbitrary TL
section is added at each end of the loads, which leads to a
total length l. In this report, l=260 nm is employed. To
avoid singularities in the calculation, a small resistance of
0.001 � is added in series with L �which accounts for an
optical loss, as we will show in Sec. II A�. We do not display
this resistance in the figures in this section for reason of
clarity.

To obtain the nonlocal effective �rN and �rN of a TL sys-
tem or a metamaterial slab, a retrieval procedure based on
scattering coefficients is used.32,33 First, the impedance Z is
calculated from the scattering coefficient. Then, the single-
pass transmission coefficient of the system is calculated,
from which the effective index neff is extracted directly. Fi-
nally, �rN and �rN are obtained using the relationships �rN
=Zneff and �rN=neff /Z.

A. Analysis of TL circuit A

The schematic of the first circuit �A� is shown in Fig. 1. It
is a dimensionless shunt admittance composed of a series
combination of a capacitance and an inductance, loading a
TL section of length l �vacuum� at its center. The parameters
of L and C for the calculation are given in the caption. Fig-
ures 1�a�–1�d� show the calculated frequency-dependent
reflectance/transmittance, scattering-parameter phase, and re-
trieved permittivity ��rN=�rN� + j�rN� � and permeability ��rN
=�rN� + j�rN� �. Circuit A is a stop band element,43 exhibiting a
band-rejection resonant behavior and a � jump on phase S21
at �0. In addition, the real part of the effective permittivity
�rN� displays a resonant behavior, and the real part of the
effective permeability �rN� displays an antiresonant behavior,
which resemble those of cut-wire metamaterials,45 although
no concrete material structure is involved in this analysis.
The resonance frequency �0 corresponds to a minimum and a
maximum on the �rN� and �rN� , respectively. Simultaneously,
�rN� is positive and its maximum is at �R, at which �rN� is zero.
Since neff=��rN�rN is finite, �rN� necessarily is zero at this
frequency. In addition, �rN� is negative with its minimum at
�0, at which �rN� achieves its maximum.

The above displayed �rN� has a negative sign around �0,
which is nonphysical and will be discussed later. Yet the
physical material parameters can be calculated using the TL
homogenization procedure through the simple relation Y�
=Y / l= j��= j��0�r for homogenous materials, where Y� is
the per unit length admittance of the TL section. For circuit
A in Fig. 1, we obtain46
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FIG. 1. �Color online� Circuit A is a dimensionless shunt admit-
tance composed of a series combination of L and C loading a TL
section of length l at its center. �a�, �b�, �c�, and �d� show the cal-
culated frequency-dependent reflectance �solid line�/transmittance
�dashed line�, phase S11 �solid line�/S21 �dashed line�, retrieved per-
mittivity, and permeability, respectively. The short-dashed line in
�c� is calculated using Eq. �2�, a TL homogenization procedure.
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Y� =
Y

l
=

YTL + Ydisc

l
, �1�

where YTL= j�C0= j��0l is the admittance of the TL section
and Ydisc=1 / �j�L+R+1 / j�C� is the admittance of the dis-
continuity. Hence, the permittivity for a homogenized me-
dium can be calculated as

�rL = 1 − � 1

�0l
� C�0

2

�2 − �0
2 − j�RC�0

2 , �2�

where �0=2��0. �rL� has a Lorentz type dispersion and its
curve is shown as the short-dashed line in Fig. 1�c�. This
homogenization procedure is equivalent to the calculation of
local material parameters using electric or magnetic
polarizabilities,36 which are directly connected to Y and Z for
Bloch lattices.37

The negative sign of �rN� around the resonance frequency
violates the passivity condition and is induced due to a spa-
tial lattice resonance �Bragg resonance�.36 It can be revealed
from the fact that decreasing the TL-section length causes a
diminishing imaginary part with negative sign. As shown in
Fig. 2, when l is changed from 260 to 20 nm, the frequency
range with negative �rN� becomes narrower and the ampli-
tude of �rN� approaches unity. At the same time, the shape of
�rN� approaches that of �rL� , and �R shifts toward �0. However,
outside the nonphysical region, both at the high-frequency
side and at the far low-frequency side of �0, �rN describes the
behavior of �rL well.

B. Analysis of TL circuit B

The bandpass building block of circuit B is shown in Fig.
3.43 It is a dimensionless shunt admittance composed of a
parallel combination of a capacitance and an inductance
loading a TL section with length l at its center. The param-
eters of L and C for the calculation are given in the caption.
Figures 3�a�–3�d� show the calculated frequency-dependent
reflectance/transmittance, scattering-parameter phase, re-
trieved permittivity, and permeability, respectively.

In this circuit, the shapes of the frequency-dependent
reflectance/transmittance are exchanged with respect to those
in Fig. 1, and the circuit exhibits a bandpass behavior. In
addition, a � jump occurs on phase S11 at the resonance

frequency �0. However, �rN displays a resonance at �c. In a
broad low-frequency range, �rN� is negative, as in bulk met-
als. In contrast, �c corresponds to a minimum of �rN� , and �rN�
becomes negative at the high-frequency side. The resonance
of �rN can be also attributed to the Bragg mode. This is
confirmed by the calculation that upon decreasing the TL-
section length, �c shifts toward higher frequencies, and the
negative �rN at the low-frequency side becomes broader.

C. Analysis of TL circuit C

The stop band building block of circuit C is shown in Fig.
4. It is a dimensionless series impedance composed of a par-
allel combination of a capacitance and an inductance, load-
ing a TL section of length l at its center. Figures 4�a�–4�d�
show the calculated frequency-dependent reflectance/
transmittance, scattering-parameter phase, retrieved permit-
tivity, and permeability, respectively.

FIG. 2. �Color online� Influence of the TL-section length l on
the extracted effective �rN �a� and �rN �b�. A shorter TL section
reduces the nonphysical region �induced by the Bragg mode� of
�rN� , which resembles �rL� more, a unit constant.
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FIG. 3. �Color online� Circuit B is a dimensionless shunt admit-
tance composed of a parallel combination of a capacitance and an
inductance loading a TL section of length l at its center. �a�, �b�, �c�,
and �d� show the calculated frequency-dependent reflectance �solid
line�/transmittance �dashed line�, scattering-parameter phase, re-
trieved permittivity, and permeability �dashed lines for the imagi-
nary parts�, respectively.
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FIG. 4. �Color online� Circuit C is a dimensionless series im-
pedance composed of a parallel combination of a capacitance and
an inductance loading a TL section of length l at its center. �a�, �b�,
�c�, and �d� shows the calculated frequency-dependent reflectance
�solid line�/transmittance �dashed line�, scattering-parameter phase,
retrieved permittivity, and permeability �dashed lines for the imagi-
nary parts�, respectively.
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The frequency-dependent reflectance and transmittance
take exactly the same shapes as those of circuit A shown in
Fig. 1�a�. Similarly, a � jump occurs also at �0 on phase S21.
Nevertheless, phase S11 has an overall phase shift of � com-
pared to that of circuit A. The similarity between these two
circuits makes it difficult to distinguish them only from
phase change or reflectance/transmittance spectra, especially
for a metamaterial with a complicated circuit combination.
However, the retrieved material parameters display clear fea-
tures of the circuit with interchanged shapes as the ones
shown in Figs. 1�c� and 1�d�. Namely, �rN� has an antireso-
nant behavior and �rN� has a resonant behavior,45 whereas �rN�
is negative and �rN� is positive. In addition, �rN� shows a
maximum and �rN� shows a minimum at �0. Likewise, the
negative sign of �rN� can be attributed to the Bragg mode.

Similar to �rL� for circuit A, the simple relation of Z�
=Z / l= j��= j��0�r for homogeneous media can yield the
local �rL with a Lorentz dispersion:

�rL = 1 − � 1

�0l
� �0

2�L − jR/��
�2 − �0

2 − j�RC�0
2 . �3�

A negative �rN� or �rL� is achieved in this circuit, owing to
the existence of the series C. It was used to model the mag-
netic resonance in split-ring resonator based negative index
metamaterials.46 Of particular interest is how the bandwidth
of the negative �rN� or �rL� can be increased. For this aim, the
ratio of L to C is first varied without modifying the resonant
frequency. The results of �rN� are shown in Fig. 5�a� for three
values of C given in the inset with constant �0=216.6 THz.
With smaller C, both the resonance and the frequency range
with negative �rN� becomes broader. However, when L is
increased without changing C, the negative amplitude of �rN�
becomes larger. This is obvious when comparing the solid
line with the dash-dotted line in Fig. 5�a�. To validate this
tendency, the local permeability �rL� is also calculated corre-
spondingly and plotted in Fig. 5�b�. The same behavior of
�rL� with varying C and L is observed, especially in the re-
gion with ���0. Both calculations reveal that the series C
has to be decreased in order to obtain a broadband negative
permeability. To obtain a larger amplitude, the series L has to
be increased.

The analysis above demonstrates that every circuit has its
own specific nonlocal effective �rN and �rN responses in

terms of resonant or antiresonant behavior, curve shapes,
sign of the imaginary parts, and extremum frequency. There-
fore, these responses can be viewed as signatures of the cor-
responding circuit and can be used to synthesize TL models
for metamaterials as shown in Sec. III. Although there are
still many other combination possibilities of lumped L and C
in the TL, similar analysis methods may be applied.

III. OPTICAL METAMATERIALS AND THEIR
TRANSMISSION LINE MODELS

In this section, TL models for several optical metamateri-
als including periodic cut wires, cut-wire pairs, metallic
meshes, and mesh pairs are synthesized based on numerical
results and retrieved nonlocal effective material parameters.
The metallic structures are situated in vacuum and arranged
periodically in two dimensions on a single plane. The length
of the unit cell along the k direction is l=260 nm, corre-
sponding to l in the TL circuits. The structure dimensions are
chosen so that they have roughly the same resonance fre-
quency and bandwidth as the TL circuits discussed in Sec. II.
The metal is silver with a thickness of 20 nm. A Drude model
was used to describe the dispersion of its permittivity, with a
plasma frequency of 1.37	1016 Hz and a scattering fre-
quency of 8.5	1013 Hz.12 The electromagnetic wave re-
sponse �S parameters� of the structures including four unit
cells was simulated in a waveguide geometry using CST MI-

CROWAVE STUDIO,47 which is based on a finite integration
time-domain algorithm. Light is incident normally upon the
structure with an electric field along the x direction and a
magnetic field along the y direction. When it is incident at
oblique angles, the corresponding TL model might be
changed. The structures studied here are termed “frequency
selective surfaces,” from the viewpoint of electrical
engineering.48 However, the name metamaterial has been
widely accepted for such structures in the optical
regime.7,10,11 Volumetric 3D metamaterials are currently not
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FIG. 6. �Color online� �a� Two cut-wire unit cells demonstrate
the interactions at the defined polarization. �b� Overall structure of
the 2D periodic Ag cut-wire array �purple blocks� in vacuum �gray
block�. �c� Circuit model for both the unit cell and the overall
structure, which is identical to circuit A shown in Fig. 1. The
structure parameters are L=500 nm, W=150 nm, d=20 nm, and
P=600 nm. The E field is along the length of the wires.

FIG. 5. �Color online� Frequency-dependent �rN� �a� and �rL� �b�
for circuit C with varying values of L and C.
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available but are possible from both technological and theo-
retical points of view.13,26,49

To see how well the constructed circuit models can de-
scribe the corresponding structures, S parameters of the mod-
els are calculated using the parameters of L and C which
were obtained by fitting the numerical results. The fitting
procedure is unique, with the LC product determining the
resonance frequency and the L /C ratio determining the reso-
nance width. A resistance R is implemented to describe op-
tical losses. This influences mainly the reflectance and trans-
mittance amplitude. R is assumed to be always in series with
the inductance due to the flow of the induced current.

A. TL models for cut wires and cut-wire pairs

Figure 6�b� shows a schematic of a two-dimensional �2D�
periodic cut-wire array. The structure has a period of 600 nm
in both the x and the y directions. A single cut wire has a
length of L=500 nm and a width of W=150 nm. The E field
is along the length of the wires. Numerical results of the
frequency-dependent reflectance/transmittance and the effec-
tive permeability are displayed in Fig. 7 as solid curves.

The features of these curves are similar to those shown in
Fig. 1. Namely, this structure exhibits a band-rejection be-
havior, and �rN� exhibits an antiresonant behavior, similar to
the cut wires at gigahertz frequencies.45 Also, the features of
phase S21 and �rN� are the same as those in Fig. 1 but are not
shown here for brevity. The retrieved permeability is some-
what rounded in the simulated structure, which is induced by
the scattering loss defined by the metal dispersion. Therefore,
circuit A is used directly to model the cut wires as shown in

Fig. 6�c� and renamed as model I. Using the values of L1, C1,
and R1 tabulated in Table I, the calculated spectra of model I
can reproduce the numerical results very well, as shown by
the dashed curves in Fig. 7. Furthermore, model I is also
identical to that of the capacitive plates at far-infrared
frequencies.15 However, it is obtained here in a different way.

Cut-wire pairs were studied in view of their potential for
negative �rN� �Refs. 7 and 50� and negative index of
refraction.8 Figure 8 shows the schematic of a 2D periodic
cut-wire-pair array. The whole structure is still situated in
vacuum, and all other structure parameters are the same as
for one layer. The two layers are separated by a vacuum
spacer with a thickness of ds=60 nm. Numerical results of S
parameters and retrieved �rN� of the structure are shown in
Figs. 9�a� and 9�b� as solid curves. Two resonances of �rN�
are shown, one being the resonant mode and the other being
the antiresonant mode, which take the shapes shown in Figs.
4�d� and 1�d�, respectively. Furthermore, the minimum of the
resonant mode �2 and the maximum of the antiresonant
mode �1 correspond to two minima of the transmittance
curve. �rN� behaves also correspondingly to �rN� as discussed
in Sec. II �not shown here�. Thus, the TL model for the
cut-wire pairs is constructed by combining circuit A �com-
posed of R1, L1, and C1� and circuit C �composed of R2, L2,
and C2� as shown in Fig. 8�c�. Circuit model II is a dual
composite right-/left-handed transmission line, which can

FIG. 7. �Color online� �a� Frequency-dependent reflectance/
transmittance and �b� the retrieved permeability from numerical
simulation �solid curves� and TL calculation using model I �dashed
curves� for the structures shown in Fig. 6. The circuit parameters
are tabulated in Table I.

TABLE I. Circuit parameters for calculating the electromagnetic response of the TL models.

Model
L1

�pH�
C1

�aF�
R1

���
L2

�pH�
C2

�aF�
R2

���

I 0.295 2.8 18.0

II 0.169 3.8 2.5 0.018 61 0.5

III 0.148 3.12 8.0 0.063 7.0

IV 0.055 11.0 1.1 0.0245 21.0 0.5

Model II: Cut-wire pair
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FIG. 8. �Color online� �a� Two cut-wire-pair unit cells to show
the interaction at the defined polarization. �b� Overall structure of
the 2D periodic Ag cut-wire-pair array in vacuum. �c� Circuit model
for both the unit cell and the overall structure, which is a combina-
tion of circuits A and B. The geometry of the cut wires is the same
as that in Fig. 6. The spacer between the cut-wire pairs is 60-nm-
thick vacuum �dark blue�. The E field is along the length of the
wires.
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yield a left-handed band with broad bandwidth with properly
matched L and C in a homogenous network.51

The circuit parameters of model II obtained through fit-
ting the numerical S parameters are listed in Table I. Al-
though there are six free parameters, the transmittance reso-
nance dip positions �1 and �2, the bandwidths, and the
amplitudes of the resonances are fixed. Therefore, the fitted
parameters are unique.

Calculated responses of the model are displayed by the
dashed curves in Fig. 9, which agree well with the numerical
results. However, the amplitude of �rN� deviates from the
numerical result around �2. This is due to the assumption that
all of the lumped elements are situated on one junction plane
in our TL model. This assumption holds well for one layer
cut wires, because the elements originate only from the lat-
eral interactions of the metals on one plane. However, with
two layers and with longitudinal interactions along the TL
which result in the series elements, distributed TL should be
used. For instance, with a 
-type TL model, better agree-
ment of the S parameters with those simulated can be ob-
tained. However, the simplified model provides us a clear
overview.

A smaller series capacitance would result in a broader
negative �rL� , as has been discussed for circuit C shown in
Fig. 5. For a classical parallel plate capacitor, a larger plate
distance would lead to a smaller capacitance. To see if the
classical model can still be applied to cut-wire pairs, the
structure is further simulated with varied spacer thickness ds
and fixed physical length l=260 nm. Through fitting the

-type TL model to simulated S parameters, the values of
L2, C2, and R2 are obtained. The calculated local permeabil-
ity �rL� is plotted in Fig. 10�a� for different ds. The depen-
dence of C2 on ds is plotted in Fig. 10�b�. With increased ds,
both the amplitude and the bandwidth of the negative �rL� is
increased. Correspondingly, the series capacitance C2 is de-
creased with increased ds, which confirms our prediction.
Furthermore, the relationship of C2 with ds can be well un-
derstood using the quasistatic model shown in the inset of
Fig. 10�b�, in which both F and dc are fitting parameters, and
further validates our TL model. It turns out that TL models
provide us with the possibility of deriving a quantitative re-
lationship of circuit elements with structure geometry param-
eters.

B. TL models for metallic meshes and mesh pairs

A schematic for a metallic mesh is shown in Fig. 11. It is
the Babinet complementary structure15,52 of the cut wires
shown in Fig. 6, with W=150 nm, L=500 nm, and P
=600 nm. Numerical results are displayed as solid curves in
Fig. 12. In contrast to the cut wires, the mesh structure shows
a bandpass behavior with the same resonance frequency and
a comparable bandwidth. First, by incorporating an addi-
tional resistance, TL circuit B in Fig. 3 is used to model the
structure, which is identical to the one used in Ref. 15. The
calculated results are plotted as dotted curves in Figs.
12�a�–12�d�. It is rather difficult to fit the numerical results at
the high-frequency side of the resonance, which leads to a
larger deviation from the numerical results of both the S
parameters and the effective material parameters.

Figure 12�d� reveals that the retrieved �rN� �solid line� is
composed of two resonant types in the studied frequency
range: One is antiresonant, taking the form of circuit B, and
the other one is resonant, assuming the form of circuit A. The
model for the mesh is therefore constructed by combining

FIG. 9. �Color online� Frequency-dependent S parameters and
retrieved �rN� from numerical simulation �solid curves� and TL cal-
culation �dashed curves� for the cut-wire pairs shown in Fig. 8 with
ds=60 nm.

FIG. 10. �Color online� Frequency-dependent �rL� of cut-wire
pairs shown in Fig. 8 with varied spacer thickness ds. �b� Series
capacitance C2 versus spacer thickness of cut-wire pairs �scattered
data�, which can be well understood by using the quasistatic model
for a parallel capacitor �solid line�.

Model III: Mesh
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FIG. 11. �Color online� �a� Two unit cells of the mesh to show
the interaction at the defined polarization. �b� Overall structure of
the 2D periodic Ag grid �gray� in vacuum. �c� Circuit model for
both the unit cell and the overall structure, which is a combination
of circuits B and A. The E field is along the x direction. The geom-
etry parameters are W=150 nm, L=500 nm, d=20 nm, and P
=600 nm.
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the two into model III as demonstrated in Fig. 11�c�, with R1,
L1, and partially C1 from circuit B and R2, L2, and partially
C1 from circuit A. The calculated results of the model are
shown as dashed curves in Fig. 12 and were obtained using
the parameters of the lumped elements tabulated in Table I.
Both the numerical S parameters and the retrieved material
parameters can be very well reproduced. The two resonances
correspond to �1=1 /���L1+L2�C1 and �2=1 /��L2C1.
Model III indicates that the TL model of the Babinet struc-
ture of cut wires can be represented by the model for cut
wires shunted by an inductance. It also gives an intuitive
understanding of the structure: L1 stems from the induced
current in the long wire along the E field in the x direction,
and L2 is caused by the wire perpendicular to the E field, but
the current is still along the x direction. On the other hand C
stems from the holes where charges can accumulate.

Similarly, the mesh is replicated along the k direction with
a distance of 60 nm to obtain a mesh pair as shown in Fig.
13. Numerical results are shown in Fig. 14. Using a similar

procedure, model IV for a mesh pair is constructed using a
combination of circuit B �R1, L1, and C1� and circuit C �R2,
L2, and C2�. The properties of the model are calculated using
the parameters given in Table I. Good agreement with the
numerical results is obtained, as demonstrated by the dashed
curves in Fig. 14. Apparently, due to the longitudinal cou-
pling, the shunt L2 in Fig. 11 is transformed into series L2
and C2. As in the cut-wire-pair case, the series capacitance
C2 is responsible for the negative �rN� at �2. With optimized
geometrical parameters, a negative index in a mesh pair can
be obtained10,12 due to the coexistence of a series C2 and a
shunt L1. Comparing it with its complementary structure of
the cut-wire pairs, the mesh pair has a larger L2 and a smaller
C2 as shown in Table I, which are favorable for producing a
broader negative permeability.

To further clarify the difference between the cut-wire
pairs and the mesh pairs, local material parameters for the
two structures are calculated using Eq. �1� for �rL and Eq. �3�
for �rL, and are compared in Fig. 15. Both �rL� and �rL� of
the cut-wire pairs have a Lorentz response. To tune their
negative parts into the same frequency range is rather diffi-
cult, especially when �rL� has only a small negative ampli-
tude or exists only over a narrow frequency range. On the
contrary, the mesh-pair structure possesses a broadband
negative permittivity and a negative �rL� with a relative large
amplitude, which makes this structure feasible for obtaining
a negative index with different geometries or structure
parameters.10,12,53,54 Similar to the optimization procedure
with cut-wire pairs, we would expect a decreased series ca-
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FIG. 13. �Color online� �a� Two unit cells of mesh pairs and the
interaction between them at the defined polarization. �b� Overall
structure of the 2D periodic metallic mesh-pair array in vacuum. �c�
Circuit model for both the unit cell and the overall structure. The E
field is along the x direction.

FIG. 14. �Color online� S parameters and the recovered material
parameters from numerical simulation �solid curves� of the mesh-
pair structure and TL calculation �dashed curves� using model IV
shown in Fig. 13.

FIG. 12. �Color online� Reflectance/transmittance, S-parameter
phase, and recovered material parameters from numerical simula-
tions �solid curves� of the mesh structure and TL calculations using
circuit B alone �dotted curves� and using model III shown in Fig. 11
�dashed curves�. The vertical dashed guide lines indicate the phase-
jump frequencies.

FIG. 15. �Color online� Local material parameters of cut-wire
pairs and mesh pairs calculated using the TL models II and IV and
the fitted circuit element parameters listed in Table I. �a� Real parts
of the local permittivity and �b� real parts of the local permeability.
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pacitance C2 in model IV and a broader negative permeabil-
ity through increasing the distance between the mesh pairs.
Further studies concerning the dependence of circuit param-
eters on structure geometries would yield better understand-
ing of metamaterials and will be given in a separate paper.

IV. CONCLUSION

Three typical transmission line circuits have been studied
using TL theory. Each circuit exhibits specific responses in
terms of its nonlocal effective material parameters, which are
extracted using a simple procedure. These parameters are
used to conveniently construct TL models for planar optical
metamaterials. Our method has been applied to cut wires
�capacitive plates�, cut-wire pairs, metallic meshes, and mesh
pairs at optical frequencies. The constructed models are vali-
dated by the good agreement of reflectance/transmittance
spectra and nonlocal material parameters with simulations.

It has been further demonstrated that using the synthe-
sized circuit models, local material parameters can be calcu-
lated in turn. This is equivalent to saying that first the im-
pedances of the metamaterials are determined, then their
electromagnetic response is averaged along the TL section as
in Ref. 37. On the contrary, in the extraction procedure for
nonlocal material parameters, the wave propagation in

vacuum is taken as a part of the electromagnetic response of
the metamaterial, which induces nonphysical and nonlocal
material parameters.36 However, the nonlocal material pa-
rameters can still describe the electromagnetic response
away from the Bragg mode qualitatively.

Employing these circuit models, a physical insight into
optical metamaterials was obtained: We have clarified why a
negative index in mesh pairs is easier to obtain than in its
complementary structure of cut-wire pairs. We have demon-
strated how to optimize the negative permeability in cut-wire
pairs in terms of bandwidth and amplitude. We have obtained
a quantitative dependence of the series capacitance with one
of the structure geometries in cut-wire pairs, which can be
well described using a quasistatic model. This demonstrates
that our TL model can be used to quantitatively analyze
metamaterials. When the interaction between stacked slabs
of metamaterials can be neglected, they are in the Bloch
lattice regime.37 Then the constructed models may be used as
building blocks for 3D optical metamaterials.27
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